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We consider the problem of estimating stresses in the ascent shape of an elastic high-altitude scienti� c balloon.
The balloon envelope consists of a number of long, � at, tapered sheets of polyethylene called gores that are sealed
edge-to-edge to form a complete shape. Because the � lm is so thin, it has zero bending stiffness and cannot
support compressions. In particular, the balloon � lm forms internal folds of excess material when the volume is
not suf� ciently large. Because of these factors, a standard � nite element approach will have dif� culty computing
partially in� ated balloon shapes. In our approach, we develop a variational principle for computing strained
balloon shapes that incorporates regions of folded material as a part of the geometric model. We can apply our
model to fully in� ated or partially in� ated con� gurations.The equilibriumshape is the solutionof minimumenergy
satisfying a given volume constraint. We apply our model to a design shape representative of those used in scienti� c
ballooning and compute a family of ascent con� gurations with regions of external contact for a volume as low as
22% of its � oat value.

Nomenclature
Ck = class of piecewise differentiable surfaces with

symmetry of the dihedral group Dk

Dk = dihedral group; the group of motions
of the plane generated by rotations about
the origin through an angle of 2¼=k
and re� ections about some � xed axis

E = Young’s modulus of balloon � lm
e = balloon � lm thickness
K tape = stiffness constant for load tape (units

of force)
NT = number of facets in a triangulationof S f

nc = number of circumferential � bers
ng = number of gores in a complete balloon
.Rd .s/; 0; = generating curve for design shape, where
Zd .s// s is arc length, 0 · s · `d

r1;max = maxi xi;1

r2;max = maxi .x2
i;2 C y2

i;2/
1=2

S f = reference con� guration corresponding to S f

S = complete balloon surface
S f = fundamental section of a balloon shape
S 0

f = re� ection of S f in the xz plane
S f .vi; j / = fundamental section of a balloon shape de� ned by

the set of vertices fvi; j g
Tl = facet in S f

Tl = facet in Sf

juj =
p

.u2
1 C u2

2 C u2
3/, where u is .u1; u2; u3/

V = gas volume enclosed by S
W k = f.x; y; z/ 2 R3 j 0 · y · tan.¼=k/xg
w� lm = weight density of balloon � lm
wtape = weight density of load tape
º = Poisson’s ratio of balloon � lm

I. Introduction

T HE design shape of a large scienti� c balloon is typicallybased
on an axisymmetric model that was developed by researchers
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at the University of Minnesota in the 1950s (Ref. 1). A solution
of this model is referred to as a 6 shape. If one assumes that all
of the tension is carried in the meridional direction and that the
circumferential stresses are zero, one obtains the so-called natural-
shapedesign.2 We will considera balloondesignbasedona variation
of the natural-shape design, where the weight of the caps and load
tapes is included in the axisymmetric balloon envelope model. We
will assume that the weight due to all other structures (such as
venting ducts, � ns, in� ation tubes, backup tapes, etc.) is included in
the payload that is located at the base of the balloon.

Although the utility of the natural shape has been established by
numerous successfulmissions using balloons based on the 6-shape
design, the model has a number of limitations. In particular, the
length of the generating curve is assumed to be inextensible, and
the shape is assumed to be in static equilibrium. In a real balloon
at � oat, the � lm is strained, and the hoop stresses are not neces-
sarily zero. Near the top of the balloon, the � lm is under biaxial
tension and behaves like a standard membrane. Below this region,
the tension is predominantlyin the meridionaldirection and the cir-
cumferential tension is negligible. As the gas bubble decreases, the
balloon envelope collapses, and the portion of the balloon that be-
haves like a standard membrane becomes smaller. The balloon � lm
cannot support a compressive load, and so the � lm will wrinkle and
form internal folds of excess material.

At � oat, an elastic balloon will stretch and take on a shape that
is slightly taller and smaller in diameter than its design con� gu-
ration. In the lower portion of the balloon, where the tension is
predominantly in the meridional direction, the � lm will undergo
contraction in the circumferential direction due to Poisson’s effect.
Strained � oat shapes and a family of ascent shapes were consid-
ered in Ref. 3, using a variation of the model presented here. For
� oat conditions, a standard � nite element method applied to a shell
model (see, e.g., Ref. 4) would predict small compressive stresses
in the bottom portion of the membrane. If the negative circumfer-
ential stresses are negligible, one could obtain a reasonable � rst
approximation to the stresses in the � lm for the special case at � oat.
However, for shapes even slightly below � oat, this method would
lead to poor results because the higher compressive stresses would
suggest a stiffness in the � lm that is unfounded. In our approach,
internally folded material, regions of small or zero circumferential
tensions, and the contraction due to Poisson’s effect are handled
by our geometric model, and we are able to consider shapes well
below the � oat altitude. Ascent shapes are characterized by large
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deformationsbut relativelysmall strains.We consider ascent shapes
in the range0:22 · V=Vd · 1:00, where V is the volumeof the shape
and Vd is the volume of the design shape. Even though the range of
volumes considered here is large, the correspondingaltitude varia-
tion is comparatively small. Suppose a balloon enclosing a volume
of Vd D 29:5 £ 106 ft3 with a speci� c buoyancy (bd D 2:2539e-
04 lbf=ft3 ) is at a � oat altitudeof 129,362 ft. By Archimedes’ princi-
ple, the total lift of the balloon is bd Vd D 6649 lbf, where subscript
d indicates a parameter related to the design shape. A decrease
in volume to V D 0:22Vd with buoyancy b D bdVd =V D 1:0782e-
03 lbf=ft3 (preserving bV D bdVd ) corresponds to a lower altitude
of 99,101 ft. (The relation between altitude and buoyancy is tabu-
lated in Ref. 5.) This comparatively small altitude variation is due
to the low density of air at these altitudes.

Wrinkling in the balloon � lm is negligible in comparison to the
magnitudes of typical folds that are observed. In this paper, we will
include a model for folds and ignore wrinkling in the balloon fab-
ric. Although large deformations of membrane-like structures have
been studied theoreticallyand experimentally (see, e.g., Fig. 18.20,
Ref. 6), the loading conditions and size of a typical large scienti� c
balloon are nonstandard,especially the partially in� ated con� gura-
tions. In particular,becausethe actualballoon� lm is so thin (0.8-mil
polyethyleneis a typicalballoon� lm material), any reasonablysized
model would require an extremely thin material.7 For example, in a
model with a gore length of 6 ft, the material would be 8.0e-06 in.
thick. These are reasons to developan accuratemathematicalmodel
that is representativeof how a real balloon behaves.

Any � nite element method applied to large scienti� c balloons
will need to address the presence of negative compressive stresses.
For example, Schur8 computed strained balloon shapes at the � oat
altitudeusingABAQUS, removing compressionsthroughthe use of
a tension� eld. Note that our approachin this paper is fundamentally
different from that of a tension � eld. Tension � eld theory normally
deals with � nely wrinkled membranes (see, e.g., Ref. 9). However,
for problems that we are interested in, the folds of excess material
are of signi� cantly higher magnitude. In the special case of � oat
conditions, we � nd that the tension � eld approach8 and our own
approach lead to the same solution for the strained � oat shape.7 The
advantage of our approach is that we can apply our strain energy
methods to ascent shape geometries with large regions of folded
material that cannot be handled by standard � nite element methods.
In this paper, ascent shapes are quasisteady-stateequilibria, in the
sense that they are computed for a � xed altitude.We do not consider
the dynamics of the balloon � ight. Although actual ascent geome-
tries include a variety of other large-scale structures (cyclic lobe
patterns, � at wing-like sections of collapsed balloon � lm hanging
beneath the gas bubble), we will focus on cyclic shapes without
regionsof internal contact that can be determinedby studyinga sin-
gle half-gore. We include new results on strained partially in� ated
balloon shapes in the range 0:22 · V=Vd · 1:00. Our goals are to
estimate the shape of the balloon (including folds where they are
present) and to determine estimates of the stress distribution for a
variety of ascent shapes. For the range of shapes here, the stresses
in the exterior � lm surrounding the gas bubble and load tapes are
most important inasmuch as these structures carry the bulk of the
balloon system weight.

Balloon shapeswith large-scalefeaturesincludinga sphericaltop,
internally folded balloon fabric, a periodic lobe pattern surrounding
the gas bubble, and � at wing-like structures below the gas bub-
ble were considered in Refs. 10 and 11. Variational principleswere
developed to model the geometries of fully in� ated and partially
in� ated con� gurations.The total energy of the balloon system was
modeled as the sum of the hydrostatic pressure potential due to the
liftinggas and the weight of the balloon� lm. By minimizing this en-
ergy subject to a volume constraint and certain material constraints,
the authors were able to compute solutions, called energy minimiz-
ing shapes (EM shapes), that possessed many features observed in
real balloons. The results in Refs. 10 and 11 demonstrated the fea-
sibility of utilizing a variational approach for computing balloon
shapes. However, these models were concerned primarily with the
geometry of balloon shapes and distributionof folded material. The
straining in the balloon � lm and load tapes was ignored. In Ref. 7,
the authors considered strained balloon shapes but only for � oat

conditions and with a model that restricted degrees of freedom for
vertices along the center of the deformed gore. In the present work,
a geometric model is used that utilizes more degrees of freedom
along the center of the gore.

In reality, the balloon� lm is a nonlinearviscoelasticmaterial, but
we will model it as a linearly elastic material with a constant strain
model, using material properties typical of what would be expected
for the � oat conditions.We ignore the stress response history of the
balloon’s ascent to � oat altitude. In our model, the balloon surface
is triangulated, using the gore structure as a fundamental element.
A � at reference con� guration is associated with each gore in the
balloon shape, and so it is possible to associate a triangle in the
balloon surface with a unique triangle in the � at reference con� gu-
ration. A constant strain model is used to compute the strain energy
for the faceted balloon surface. An isotropic plane–stress constitu-
tive model is used to estimate the stress distribution.The load tapes
that run along the edges of the gores are modeled as linearly elastic
strings. The contributions to the gravitational potential energy that
are due to the weight of the load tapes and two external caps are
also includedin the variationalprinciple.The externalcaps are mod-
eled as an added thickness. One could incorporate � nite elements
more sophisticated than the linear elements used here. However,
in the case of the � oat conditions where we can directly compare
our results with those computed by other methods, we � nd that we
obtained good results using linear elements and a constant strain
model.7 For this reason, we retain linear elements.

To computea family of strainedballoonshapes,we beginwith the
initial design shape and evolve a strained � oat shape. We then solve
a series of constrained minimization problems, decrementing the
volume at each step, obtaining a family of ascent shapes. At each
stage, the EM shape from the previous step is used as the initial
guess for the new volume. Because the balloon will deform from
its design shape, a small internal fold of excess material will form
along the center of each gore at � oat. As the volume decreases, the
length and depth of the fold increase. It is dif� cult to determine the
precise length and depth of the actual fold, and this makes the prob-
lem of estimating the stresses in the fold region even more dif� cult.
For example, the wrinkling in certain regions of the fold could be
of a higher amplitude than the wrinkling in the neighboringregions
consisting of exterior facets. However, our model does provide an
estimate of the location and size of the fold in the reference con-
� guration. The speci� cs of our model are discussed in Sec. II. The
volumesconsideredhere are suf� ciently large to avoid internal con-
tact, and so we need not consider shapes with wing sections. We
� nd that internal contact occurs near V D 0:22Vd .

The validity of our approach was established for the fully de-
ployed con� guration in Ref. 7, and in this paper, we focus on ascent
con� gurations that can be modeled by a half-gore. The design cri-
teria are based primarily on conditions the balloon will encounter
at � oat. Among the strained shapes, at or near � oat (for example,
0:85 · V=Vd · 1:00), the maximum � lm stresses occur at V D Vd .
Beginningwith the � oat altitude,we � nd that themaximumprincipal
stresses decrease initially with decreasing volume. However, once
the gas bubble gets suf� ciently small (for example, V < 0:58Vd ),
the maximum stresses increase with decreasing volume. In partic-
ular, we � nd that the maximum principal stresses for the shape
V D 0:22Vd are larger than the maximum principal stresses for the
� oat shape V D Vd .

In Sec. III,we formulatea variationalprinciplethat includesgrav-
itational potential energy and strain energy. In Sec. IV, we compute
a numerical EM shape for � oat and a number of ascent shapes. In
Sec. V, we present some concluding remarks.

II. Geometric Model
Beforeattemptingto modelthe strainin apartiallyin� atedballoon

shape, a model for the geometry of the balloon envelope that is
representativeof how a realballoonbehavesis necessary.The model
should incorporatefeaturesused in the constructionof realballoons,
such as the gore, external caps, and load tapes. A gore is a long, � at,
tapered thin sheet of polyethylene.(For the design shape in Sec. IV,
it is nearly 600 ft long, over 8 ft wide at the widest point, and 0.8 mil
thick.) To make a complete shape, the gores are sealed edge to edge.
Load tapes run along the gore seams from the top to the bottom of
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the balloon.Normally, one, two, or three external caps cover the top
25–30% of the balloon.The gore structure is important in modeling
partially in� ated balloon shapes because internal folds form along
the centers of these structures. The present model differs from that
of Ref. 10 by including the strain energy of the � lm and load tapes.
Although Ref. 3 considers strain energy, the model presented here
allows for extra degrees of freedom for vertices that lie along the
center of the deformed gore. These differences are outlined in the
following subsections. For the convenience of the reader, we � rst
review our geometric model of balloon shapes.

Real balloon shapes near � oat are not axisymmetric but exhibit a
dihedral symmetry. In the following, let Dk be the dihedral group.
Dk is the group of motions of the plane generatedby rotationsabout
the origin throughan angleof 2¼=k and re� ectionsaboutsome � xed
axis. Lookingdown onto the top of a balloonwith Dk symmetry and
lining up the central axis of the balloon with the z axis, one could
recognize a shape having the same symmetries as that of a regular
polygon with k sides. In this work, k is equal to the the number of
gores ng . In Fig. 1, we present a balloon shape with eight gores and
D8 symmetry. In Refs. 10 and 11, the basic building block was the
fundamental section S f , and in this paper, S f refers to a deformed
half-gore that is contained in the wedge-shaped region

Wk D f.x; y; z/ 2 R3 j 0 · y · tan.¼=k/xg

S f will be approximated by a faceted surface and, with no loss of
generality, will denote the faceted surface itself. S 0

f is the mirror
image of S f and is obtained by re� ecting S f in the xz plane, i.e.,
if .x; y; z/ is a vertex in S f , then .x; ¡y; z/ is a vertex in S 0

f . The
complete shape S is assembled from k copies of S f and k copies of
S 0

f using the symmetries of Dk . Ck will denote the class of balloon
shapes with dihedral symmetry Dk , and S will denote a complete
shape in Ck . Because we are considering a single half-gore in this
work, we will choose the convention that the deformed right gore
edge will lie in the plane y D tan.¼=k/x . Any excess material will
be treated as if it is contained within a fold lying in the xz plane.
This is a rough approximation but consistent with what is observed
in real balloons.

We � rst describe the geometry of a typical shape in Ck . We do so
by focusing on the geometry of a half-gore. In Fig. 1a, we present
the right half of a � attened gore S f with its tail located at the origin
.0; 0/. In Fig. 1b, we present a curved but unstrained surface that is
formed by bending S f to conform to the design pro� le. The right
edgeof thegore lies in theplane y D tan.¼=k/x . No foldsarepresent
in Fig. 1.

To facilitate modeling the straining in a deformed gore, we will
consider three con� gurations, S f (Fig. 2), S f (Fig. 3), and QS f

(Fig. 4). The size of the fold is exaggerated for illustration pur-
poses. S f is the � at reference con� guration, and S f is the deformed
gore with excess material folded into the xz plane. QS f is an auxil-
iary con� guration that will be used to estimate the straining in the
fold. The excess material in QS f is extended into the y < 0 region.
In Fig. 4a, the excess material in QS f lies in the y < 0 region. The
portion of Fig. 4a outlined in dots lies behind the xz plane and is
identical with the exterior facets in Fig. 3a, forming the boundary
of the gas bubble. If the faceted con� guration S f is deformed into
S f (or QS f ), the distortionwill involve rigid-bodydisplacementsand
in-plane straining of the facets that make up S f . In Fig. 4, vertices
labeled vi;0, vi;1 , and vi;2 are collinear, whereas in Fig. 3, the corre-
sponding vertices u i;0 , vi;1 , and vi;2 are not. The fold consisting of
excess material in Fig. 3a is based on observationsand is represen-
tative of how excess material is stored. However, when folding the
material into the xz plane using S f , we � nd higher than expected
stresses in folded facets.This was not as critical for the strained� oat
shape because the folded region is very small (see Ref. 7, where
straining of excess material was calculated after folding into the xz
plane). We cannot ignore the straining in the fold. However, based
on observations, it should be less than the straining in the exterior
facets. If we estimate the straining of excess material using the rep-
resentationin Fig. 4, we � nd that the circumferentialand meridional
stresses for facets of excess material in QS f are comparable to the
magnitudes of immediately adjacent exterior facets (see Sec. IV).
Because the distributionof foldedmaterialcannotbeknown exactly,

Fig. 1a Sf half-gore in the � at reference con� guration.

Fig. 1b S 0
f unstrained initial con� guration (no folds).

Fig. 1c Design shape.
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a) Sf half-gore in the � at reference con� guration

b) Quadrilateral between meridional station i and i ++ 1
Fig. 2 Sf con� guration.

the strain energy in the folded material is better represented by QS f

than by S f . The straining in the fold of the true balloon is most
likely less than the estimate based on QS f (or S f ). For these reasons,
our strain energy computationsfor excess material will be based on
QS f . We will discuss this aspect of the model in Sec. V. In Figs. 2b,

3b, and 4b, we have selected typical sections of S f , S f , and QS f ,
respectively,and labeled important quantities that will be needed to
describe the geometries of these con� gurations.

In all � gures, we follow the convention that a vertex in the
reference con� guration is denoted by an uppercase V and a ver-
tex in the deformed con� guration will be denoted by a lower-
case v. A vertex Vi; j in S f [ S0

f is identi� ed with a vertexvi; j in
S f [ S 0

f (or QS f [ QS 0
f ), where j D 0; §1; §2 and i D 1; : : : ; nc C 2.

Perpendicular to the center axis of a � at gore are the directed edges

Ci D Vi;2 ¡ Vi;0; i D 1; : : : ; nc C 2

The subscript i is the station number along a meridian. Note that
C1 D Cnc C 2 D .0; 0/. Along the right boundary of a gore are the
directed edges,

Ei;2 D Vi C 1;2 ¡ Vi;2 .1/

a) S f deformed half-gore with excess material folded into xz plane

b) Deformed quadrilateral between meridional station i and i ++ 1
Fig. 3 S f con� guration.

Vertices vi;2 D .xi;2, yi;2; zi;2/ lie in the plane y D tan.¼=k/x , and

ei;2 D vi C 1;2 ¡ vi;2 .2/

Because yi;2 D tan.¼=k/xi;2 , we say that vi;2 has two degrees of
freedom (correspondingto the free parameters xi;2 and zi;2/. In pre-
vious models, e.g., Ref. 3, vertex vi;1 had zero degrees of freedom
because its position was determined by projecting vi;2 onto the xz
plane. In our treatment, we allow vertices vi;0 to have three degrees
of freedom, i.e.,

vi;0 D .xi;0; yi;0; zi;0/ .3/

where xi;0, yi;0 , and zi;0 are free but yi;0 · 0 (see Fig. 4). Vertex vi;1

is the point located at the intersection of the xz plane and the line
connecting vi;0 and vi;2 .

The vertex at the top of the balloon has one degree of freedom
because only its z component can vary. The vertex at the tail of the
balloon is assumed to be � xed. By construction, the depth of the
fold ®i at each circumferential station is given by ®i D jvi;0 ¡ vi;1j.
The curve that marks the center of the deformed gore is M1 and is
de� ned by fvi;1, i D 1; : : : ; nc C 2g. The edge joining vi C 1;1 to vi;1

is ei;1 D vi C 1;1 ¡ vi;1 . The load tape is located along the curve M2

that is de� ned by fvi;2, i D 1; : : : ; nc C 2g. The edge joining vi;1 and
vi;2 is fi;12 D vi;1 ¡ vi;2.
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a)

b)

Fig. 4 ÄS f con� guration: a) ÄS f deformed half-gore with excess material
(outlined in solid and dashed edges) penetrating xz plane, triangles out-
lined in dotted lines lie in the region y >0; and b) deformed quadrilateral
between meridional station i and i ++ 1.

Vertices v¡2;i and V¡2;i are determined by symmetry, i.e., if
vi;2 D .xi;2 , yi;2, zi;2/ is a vertex in S f (or QS f ), then vi;¡2 D .xi;2,
¡yi;2 , zi;2/ is a vertex in S 0

f (or QS 0
f ). Similarly, if Vi;2 D .Yi;2 , Z i;2/

is a vertex in S f , then Vi;¡2 D .¡Yi;2, Z i;2/ is a vertex in S 0
f . Using

the symmetries of Dk , we can then generate the portion of S that
forms the exterior of the balloon, i.e., that portion of the balloon
that comes in contact with the atmosphere. In the following, we let
ni;1 be the vector normal to the curve M1 at vertex vi;1 , which is
computed in the following way: If e?

i;1 and e?
i C 1;1 are unit vectors in

the xz plane perpendicular to ei;1 and ei C 1;1, respectively, then

ni;1 D
e?

i;1 C e?
i C 1;1­­e?

i;1 C e?
i C 1;1

­­; i D 2; : : : ; nc C 1

By convention,n i;1 is chosen to be the inward-pointingunit vector.
Note that ni;1 ¢ fi;12 is not necessarily zero.

Vertices ui;0 form the crease of the internal fold in S f and are
computed as

ui;0 D vi;1 ¡ ®i ni;1

By construction, ®i D jui;0 ¡ vi;1j D jvi;0 ¡ vi;1j. In previous work,
e.g., Ref. 7, vi;1 was determined by projectingvi;2 onto the xz plane

and ®i was a parameter to be determined. If the i th circumferen-
tial � ber is under suf� cient tension, then ®i D 0. Note that fi;12

need not be parallel to j D .0; 1; 0/. Unlike previous work where
we required the length of each circumferential � ber to be � xed [see
Eq. (2) of Ref. 10], a stretching or contraction of Ci is allowed in
the present model.

In the � at reference con� guration, we de� ne

Vi;1 D Vi;0 C ®i

®i C j fi;12j
Ci .4/

where i D 1; : : : ; nc C 1. Following our labeling convention, if
Vi;1 D .Yi;1, Z i;1/, then Vi;¡1 D .¡Yi;1 , Z i;1/. We de� ne Fi;12 D
Vi;1 ¡ Vi;2 , and so Fi;12 in the � at reference con� guration is identi-
� ed with fi;12 in the deformed con� guration. Note that both Vi;¡1

and Vi;1 are identi� ed with vi;1, and the vertex Vi;0 is identi� ed with
vi;0 . When ®i D 0, then Vi;¡1 D Vi;1 D Vi;0 and vi;1 D vi;0. By con-
struction, ®1 D ®nc C 2 D 0.

The design, i.e., � oat, shape is a surface of revolution generated
by a curve,

°d.s/ D .Rd.s/; 0; Zd.s//; 0 · s · `d .5/

that is found by solving the standard 6-shape model equations.
The design shape used here is based on a variation of the natural
shape, where the cap weight is modeled as an added thickness.
Before computing an EM shape, we de� ne an unstrained curved
con� guration and its corresponding� at reference con� guration for
a half-gore. The unstrained curved shape of a half-gore is obtained
by intersectingthe parametrizedruled surface X .s; v/ D °d .s/ C v j,
where j D .0; 1; 0/, v 2 R, and the wedge-shaped region Wk .

Partitioning the interval [0; `d ], we have 0 D s1 < s2 < ¢ ¢ ¢ <
snc C 1 < snc C 2 D `d . To be consistent with the way in which a real
gore is constructed, we de� ne

ri D Rd .si /= cos.¼=k/; zi D Zd .si / .6/

i D 1; : : : ; nc C 2, and the following:

4ri D ri C 1 ¡ ri ; 4zi D zi C 1 ¡ zi

(7)

4si D
£
.4ri /

2 C .4zi /
2
¤ 1

2 ; 4Yi D jYi C 1;2 ¡ Yi;2j

4Z i D
£
.4si /

2 ¡ .4Yi /
2
¤ 1

2 .8/

for i D 1; : : : ; nc C 1, where

Yi;2 D ri sin.¼=k/; i D 1; : : : ; nc C 2 .9/

Setting Z1;2 D 0 and using Eqs. (6–9), we obtain

Z i;2 D Z1;2 C
iX

k D 1

4Zk ; i D 2; : : : ; nc C 2 .10/

Note that the total length of a gore’s edge in the reference con� gu-
ration is

Ld D
nc C 1X

i D 1

4si

and, in general, is different from the arc length `d used to parame-
terize Eq. (5).

The initial con� guration of the balloon shape is triangulated. A
superscript 0 of a vertex label indicates that the vertex is in the
(unstrained) initial con� guration. In particular, vertices in the un-
strained triangulationare given by

v0
i;2 D .ri cos.¼=k/; ri sin.¼=k/; zi / (11)

v0
i;1 D .ri cos.¼=k/; 0; zi / (12)
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for i D 1; : : : ; nc C 2. By construction,®0
i D 0 and v0

i;1 D v0
i;0 D v0

i;¡1
for all i , and the v0

i;1 lie on the generating curve given by Eq. (5).
Vertices in the � at reference con� guration are given by

Vi;2 D .Yi;2; Z i;2/ (13)

Vi;0 D .0; Z i;2/ (14)

A typical fundamental section generated by the set fvi; j g will be
denoted S f D S f .vi; j /. We can consider S f and QS f as parameter-
ized by the same set of vertices fvi; j g because the u i;0 can be deter-
mined from the vi; j . The initial unstrained con� guration is denoted
by S0

f D S f .v
0
i; j /. As the balloon shape evolves to equilibrium, the

vertices vi; j can move, subject to the degrees of freedom described
earlier.

Each triangle in the deformed con� gurationTl is identi� ed with a
trianglein the referencecon� gurationTl (seeFigs. 2–4). If we let NT
denote the total number of facets in a triangulationof a fundamental
section, we have

S f D
NT[

l D 1

Tl .15/

We can partition the set T f D fTl ; l D 1; : : : ; NT g into two disjoint
subsets T o

f and T i
f , where T o

f denotes the set of triangles that form
the exterior of the balloon and T i

f denotes the set of triangles that
form the internalfolds.For the rangeof volumesconsideredhere, the
trianglesT o

f are those on which the atmospheric pressure acts. The
trianglesT i

f correspondto regionsof externalcontact (the outside of
the ballooncontacts itself). Note that triangles in T o

f are constructed
from the sets fvi;1g and fvi;2g, whereas trianglesin T i

f are constructed
from fui;0g and fvi;1g. We let N o

T denote the number of triangles in
T o

f and N i
T denote the number of triangles in T i

f . Without loss of
generality,we can assume that the trianglesTl are numbered so that

Tl 2 T o
f ; for l D 1; : : : ; N o

T
(16)

Tl 2 T i
f ; for l D N o

T C 1; : : : ; NT

where NT D N i
T C N o

T . The triangles are labeled from bottom to
top. A similar conventionwill apply to triangles Tl and the reference
con� guration (see Fig. 2). In particular,we let

S f D
NT[

l D 1

Tl

denote thepreimageofS f . A similardecompositioncouldbe carried
out for QS f . Following the same conventions,we couldde� ne QT o

f and
QT i

f , noting T o
f D QT o

f , but T i
f 6D QT i

f because fvi;0g and fvi;1g are used
to form the facets QT i

f . By construction, N o
T D N i

T D 2nc , and we
say that T2q , T2q C 1 are adjacent in S f .

A typical balloon system will include a number of external caps.
For results presented here, the balloon contains two caps. These
are modeled as an added thickness. To facilitate the mathematical
description of caps, we partition the collection of facets S f into
three disjoint sets (see Fig. 2), S f D S1

f [ S2
f [ S3

f . If a facet Tl 2 S¿
f ,

then Tl contains ¿ layers of � lm. For any Tl 2 S f , we de� ne the
integer valued function

!.Tl / D ¿; for Tl 2 S¿
f ; ¿ 2 f1; 2; 3g .17/

It is possible to model caps with different� lm material propertiesby
modifying our approach. However, in our applications, each layer
of � lm is assumed to have identical physical properties.

III. Problem Formulation
The inclusion of strain energy in our analysis of balloon shapes

is done through a variational principle, assuming a constant strain
model for the balloon � lm and a linearly elastic string model for the
load tapes. In the following section, we will outline our variational
approach.Strain energy was included in Ref. 7, but only � oat shapes
were consideredand the geometry was restricted to maintain a ruled
surface for the portion of the gore that contacts the atmosphere.

Ascent shapes in the range 0:91· V=Vd · 1 were considered in
Ref. 3 using a model with fewer degrees of freedom.

The total potential energy of a ballooncon� guration, Etotal , is the
sum of six terms,

E total D Egas C E� lm C Etape C E top C Stapes C S� lm .18/

where Egas is the potential energy due to the lifting gas, i.e., the
hydrostatic pressure potential; E� lm is the gravitational potential
energy of the � lm; E tape is the gravitational potential energy of the
load tapes; Etop is the gravitationalpotentialenergyof the top � tting;
Stapes is the strain energy of the load tapes; and S� lm is the strain
energy of the balloon � lm. In the following sections,we give a brief
description of each of these quantities and indicate how they are
computed numerically.

A. Hydrostatic Pressure Potential
For a balloon at a � xed altitude, it is reasonable to assume that

the densities of the lifting gas and ambient air (½gas and ½air , respec-
tively) are constant over the height of the balloon. In this case, the
pressure difference across the balloon � lm at level z is given by

P D ¡g.½air ¡ ½gas/.z ¡ z0/ .19/

where g is acceleration due to gravity and z0 indicates the location
of the zero-pressure level, e.g., see Eq. (7), p. II.5, Ref. 12. The
speci� c buoyancy at � oat will be denoted by bd D g.½air ¡ ½gas/. In
this work, we assume that z0 D 0 for our EM shapes. In this case,
the potential energy of the lifting gas is given by

Egas D ¡bd

Z Z Z

V
z dV .20/

where V is the region occupied by the gas bubble. Equation (20)
is the potential for hydrostaticpressure.13 Using the divergencethe-
orem and the symmetries of S , Eq. (20) can be replaced by a sum
of surface integrals11

Egas D ¡2kbd

N o
TX

l D 1

Z

Tl

1

2
z2k ¢ d A .21/

where d A D En dA, where En is normal to S , dA is the surface area
measure on S , and .k D 0; 0; 1/. For triangular facets, terms in Eq.
(21) can be computed exactly.

To re� ect the denseratmosphereat a lower altitudecorresponding
to volume V when V < Vd , the coef� cient bd in Eq. (20) is replaced
by

b D bdVd=V .22/

For ascent shapes, we will assume that the zero pressure level re-
mains at the base of the balloon.

B. Gravitational Potential Energy
The gravitationalpotentialenergydue to theweightof theballoon

� lm is

E� lm D
Z Z

S
w� lmz dS .23/

where the � lm weight density is w� lm. A cap is a subset of S that
covers the top portion of the balloon. If the balloon system in-
cludesseveralcaps, theircontributionto thegravitationalpotentialin
Eq. (23) can be incorporated by appropriately modifying the � lm
weight density. We will assume that one cap covers the top 29%
of the balloon and a second covers the top 27%. Partitioning the
collection of facets as described in Sec. II and using the function !
[see Eq. (17)], we obtain the following approximation for E� lm :

E� lm D 2kw� lm

NTX

l D 1

Nzl!.Tl / area.Tl / .24/

where Nzl is the z component of the centroid of Tl .
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The gravitational potential energy due to the weight of the load
tapes is

Etape D kwtape

Z Lm

0
®2.s/ ¢ k ds

wherewtape is the load tapeweightdensity,®2.s/ 2 R3 for 0 · s · Ld

is a parameterization of the curve M2, s is the arc length in the
� at reference con� guration, and k D .0; 0; 1/. The z component of
the centroid corresponding to the edge ei;2 is Nzi;2 D 1

2 .zi C 1;2 C zi;2/.
The contribution to the gravitational potential of this segment is
wtape Nzi;2jEi;2j, where Ei;2 is de� ned in Eq. (1). The energy of M2 is

wtape

nc C 1X

i D 1

Nzi;2jE i;2j

The gravitational potential energy of the load tapes in a complete
shape is

Etape D kwtape

nc C 1X

i D 1

Nzi;2jEi;2j .25/

C. Load Tape Strain Energy
We assume that a � ber segment in a load tape behaves like a

linearly elastic string with stiffness constant K tape . If s¤ denotes the
arc lengthalonga deformedmeridional� ber and s the corresponding
arc length in the undeformed state, the nonlinear strain is given
by " D .ds¤2 ¡ ds2/=.2ds2/ (see p. 58, Ref. 14). In the case of a
linearly elastic string, we can assume that .ds¤ C ds/=.2ds/ ¼ 1,
in which case we have " ¼ .ds¤ ¡ ds/=ds. In our applications, the
� ber segments are straight lines, and so the linearized strain of the
i th segment in M2 is

"i D .jei;2j ¡ jEi;2j/=jEi;2j; i D 1; : : : ; nc C 1 .26/

where Ei;2 and ei;2 are de� ned in Eqs. (1) and (2), respectively.The
corresponding strain energy for the i th segment of the load tape
running along M2 with stiffness constant K tape is 1

2
K tape."i /

2jEi;2j.
Normally, for a linearly elastic cable, the tension is given by
T D AEcable.S ¡ S0/=S0 (p. 18, Ref. 14). A is the cross-sectional
area of the cable, and Ecable is the modulus of elasticity of the ca-
ble. A load tape consists of several polyethylene � bers. The value
for K tape is determined experimentally and is equivalent to AEcable ,
having the units of pound force (lbf). It follows that the strain energy
of the load tapes in a complete shape is

Stapes D 1

2
kK tape

nc C 1X

i D 1

."i /
2jEi;2j .27/

D. Balloon Film Strain Energy
In what follows,we will assumethat theballoon� lm is madeupof

a single layer.Using the function! de� ned in the precedingsection,
we will add the contributionof the caps. In our work, we will use a
standard measure of shell strain energy, e.g., Eq. (1.1.20) of Ref. 4.
However, because the balloon � lm has negligible bending stiffness,
we drop terms related to the bendingenergy.Retainingonly the � rst
integral in Eq. (1.1.20) of Ref. 4 and assuming a linearly elastic
isotropic material, the � lm strain energy S� lm can be written as

S� lm D 1

2

Z Z

Ä

n.u/ : ° .u/ dA0 .28/

where n is the tensorof tangentialstress resultants,° is the Cauchy–

Green strain tensor, : is the tensor inner product,and Ä is the param-
eter space for the � at reference con� guration.7 The vector � eld u in
Eq. (28) denotes the displacement � eld that maps a triangle in the
reference con� guration to one in the deformed con� guration. We
will not use u directly in our derivation of an expression for S� lm,
but we will compute the contribution to S� lm for a typical facet and
then sum the results to obtain an approximation of the total strain
energy of S. The contravariantcomponents of n are denoted by n®¯

and n : ° D n®
¯ ° ¯

® , where

n®¯ D E®¯¸¹°¸¹ .29/

Fig. 5 Standard triangle X e and the mapping, q = MD;lM
¡ 1
R;l p:

E®¯¸¹ is the tensor of elastic moduli, i.e.,

E®¯¸¹ D
eE

2.1 C º/

µ
a®¸a¯¹ C a®¹a¯¸ C 2º

1 ¡ º
a®¯ a¸¹

¶
.30/

where a®¯ D ±¯
® is the � rst fundamental form of the reference con-

� guration. Because we use � at facets, the second fundamental form
b®¯ is zero on each triangle.

To derive an expression for the strain energy, we de� ne all of the
geometric and physical quantities for a typical facet. Let p 2 Tl and
q 2 Tl . Let MR;l be the linear map that takes a standard triangle Äe

with sides i D .1; 0/ and j D .0; 1/ to Tl 2 S f , and let MD;l be the lin-
ear map that takes the Äe to a triangle in the deformed con� guration
Tl . The mapping p ! q is given by

q D MD;l M
¡1
R;l p

as shown in Fig. 5. The sides of Tl are c1;l and c2;l , and these are
identi� ed with f1;l and f2;l , the corresponding sides of Tl . Because
the mapping p ! q is linear, the deformation gradient on the lth
facet is

Fl D @q

@p
D MD;l M

¡1
R;l

In matrix form, the Cauchy strain is

Cl D FT
l Fl

the Cauchy–Green strain is

El D 1
2 .Cl ¡ I/

and the tensor of tangential stress resultants is

Nl D [eE=.1 ¡ º2/][.1 ¡ º/El C º tr.El/I]

The matrices Nl and El are symmetric. By the spectral representa-
tion, we have

Nl D ¹1;l n1;lnT
1;l C ¹2;ln2;l nT

2;l

where n1;l and n2;l are orthonormal vectors. The eigenvalues of Nl

(denoted by ¹1;l and ¹2;l ) are the principal stress resultants.15 See
Appendix A of Ref. 7 for a further discussion. Because n.u/ and
° .u/ are constant on each Tl in a constant strain model, we can
approximate Eq. (28) by

2k
NTX

l D 1

1

2

Z

Tl

n.Tl/ : ° .Tl / dA0

The contributionof externalcaps can be added by using the function
!. In this case, the total strain energy (based on con� guration S f )
is

2k
NTX

l D 1

1

2
!.Tl /.Nl : El / area.Tl / .31/

where n.Tl / : ° .Tl / D Nl : El . In Ref. 7, the deformed gore was
modeled as a ruled surface and the strain energy was based on
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Eq. (31). In our present work, we base our strain energy approx-
imation on the auxiliary con� guration QS f , and so if Tl 2 QT i

f , we let
QEl and QNi represent the corresponding Cauchy–Green strain and
tangential stress resultants, respectively.The � lm strain energy ap-
proximation based on QS f is

S� lm D 2k
No

TX

l D 1

1

2
!.Tl /.Nl : El/ area.Tl /

C 2k
NTX

l D No
T C 1

1

2
!.Tl/. QNl : QEl / area.Tl/ (32)

where we use QNl and QEl for N o
T C 1 · l · NT . By construction,

QNl D Nl and QEl D El for 1 · l · N o
T . In Sec. IV, we discuss our rea-

sons for basing the strain energy of ascent shapes on QS f .

E. Variational Principle
The discrete form of the total energy of S is denoted by E.vi; j /

and is obtained by substituting Eqs. (21), (24), (25), (27), and (32)
into Eq. (18). In particular, we have

E.vi; j / D Egas C E� lm C E tape C Stapes C S� lm C ztopwtop .33/

The last term is the gravitational potential due to the top � tting of
the balloon (wtop is the weight of the � tting, and ztop D z2;ncC2 is its
height of above the base).

The gas bubble is partitioned into tetrahedra, all of which have
a common vertex located on the z axis inside the gas bubble. The
l th tetrahedron has facet Tl as base, and its volume is Vl . The total
volume of the gas bubble V is constrained so that

V ¡ 2k
N o

TX

l D 1

Vl D 0 .34/

Upper and lower bounds in the form

vlb
i;0 · vi;0 · vub

i;0; i D 2; : : : ; 2nc C 1
(35)

vlb
i;2 · vi;2 · vub

i;2; i D 2; : : : ; 2nc C 1

are imposed.Vector inequalitiesare interpretedcomponentwise,and
bounds in Eq. (35) are applied only to free parameters. The upper
and lower bounds are chosen suf� ciently large so they do not af-
fect the solution. The variational principle that is used to compute
the numerical EM shapes presented in Sec. IV is given by the fol-
lowing. Problem (?): For S.vi; j / 2 Ck , minimize: E.vi; j /; subject to
G.vi; j / D 0, satisfyingEq. (35), where G is de� ned by the left-hand
side of Eq. (34). MATLAB software (constr) is used to solve Prob-
lem (?). Strictly speaking, the bounds in Eq. (35) are not required
by constr. However, from a practical standpoint,specifyingEq. (35)
accelerates the solution process by reducing the size of the set of
feasible solutions.

IV. Numerical Solutions
For our calculations, we will consider a 29:5 £ 106 ft3, two-cap

balloonbased on a standard large scienti� c balloondesign.The par-
ticular design is based on a variation of the natural shape, where
the caps are modeled as added thickness and the tail of the gore
is tapered. The balloon � lm is 0.8-mil polyethylene. We use a spe-
ci� c buoyancy that corresponds to a � oat altitude of 129,362 ft (see
p. 73of Ref.5). MaterialconstantssuchasPoisson’s ratioº, Young’s
modulus E , and load tape stiffness K tape are highly temperature de-
pendent, and we use values appropriate for the � oat condition, i.e.,
E D 35;969 psi, º D 0:82, and K tape D 5900 lbf. The payload is ad-
justed appropriately so that the balloon is in equilibrium at � oat.
Here, the payload includes the weight of the venting ducts, � ns,
in� ation tubes, backup tapes, etc. For our design shape, the payload
is 3559 lbf, the total � lm weight is 2509 lbf, the total tape weight
is 520 lbf, and the weight of the top � tting is 30 lbf; see Table 1 for
additional parameter values.

For our computations, we assume 38 circumferential � bers
(nc D 38) uniformly distributed along a meridian at intervals of

Table 1 Parameter values

Description Variable Value

Young’s modulus, psi E 35,969
Poisson’s ratio º 0.82
Film weight density, lbf/ft2 w� lm 0.0038400
Load tape weight density, lbf/ft wtape 0.0054835
Load tape stiffness parameter, lbf Ktape 5,900
Film thickness, in. e 0.0008
Speci� c buoyancy at � oat, lbf/ft3 bd 2.2539e-4
Volume at � oat, 106 ft3 V� oat 29.5
Number of gores ng 159
Design gore length, ft `d 596.859

Fig. 6 Unstrained design shape (: : : :); strained shapes (——); 0:22 <–
V/ Vd <– 1:00; ­ marks the range of the fold.

roughly 15.3 ft. The results of our computations are summarized in
Table2, wherewe presentdataona strained� oat shape (V=Vd D 1:0)
and strained ascent shapes (0:22 · V=Vd < 1:00). To compute the
strained � oat shape, we use the unstrained curved reference con� g-
uration as an initial guess and solveProblem (?). We then decrement
the volume in steps of size (at most) 4V D ¡0:015Vd and compute
an energy-minimizingshape at each stage, using the EM shape from
the previous step as the starting shape for the current target volume.
We � nd that, if we try to change the volume by too large an amount,
the solution process would diverge.

In Fig. 6, we present pro� les of the design shape and the strained
EM shape corresponding to 0:22 · V=Vd · 1:00. The principal
stress resultants of the two exterior triangles located at the same
station are averaged, and it is this average value that is plotted in
Figs 7. We denote the averaged principal stress resultants by O¹r;q ,
where O¹r;1 D ¹r;1, O¹r;nc D ¹r;2nc :

O¹r;q D 1
2 .¹r;2q C ¹r;2q C 1/; r D 1; 2

for q D 2; : : : ; nc ¡ 1. In S f , the triangles T2q and T2q C 1 form a
quadrilateral, and we can interpret O¹r;q as measured at the cen-
troid of the qth quadrilateral. (Note that T2q , T2q C 1 need not lie
in the same plane.) Following the numbering scheme already intro-
duced,averagedprincipalstress resultantscan be computedfor inte-
rior quadrilateralsof excess material. We observe by examining the
eigenvectors correspondingto ¹1;l and ¹2;l that ¹1;l corresponds to
the circumferentialdirectionand ¹2;l correspondsto the meridional
direction for the � oat con� guration.However, for ascent shapes, the
directionof the principal stress resultantsneed not coincidewith the
meridionaland circumferentialdirections.The corners in the graphs
of the averaged principal stress resultants near s D 400 ft in Figs. 7
correspondto the edge of the caps.The corners are not presentwhen
the balloon is without caps.
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Table 2 Strained EM shapes; units of energy are foot-lbf

Quantity Design V D Vd 0.85Vd 0.58Vd 0.40Vd 0.25Vd 0.22Vd

S� lm 0 3,310 2,673 1,814 1,677 1,627 1,617
Stapes 0 7,575 3,754 2,850 2,898 3,075 3,098
Egas ¡1;356;014 ¡1;400;190 ¡1;655;352 ¡2;013;271 ¡2;259;769 ¡2;514;006 ¡2;575;507
E� lm 599,929 632,681 710,374 790,186 826,349 852,913 858,160
Etape 101,657 104,673 118,836 133,370 139,900 144,693 145,648
Etop 10,350 10,707 11,567.74 13,119 13,870 14,548 14,698
Etotal ¡654;426 ¡641;242 ¡807;904 ¡1;071;932 ¡1;275;073 ¡1;497;150 ¡1;552;285
maxi yi;1 0 0.0317 0.5110 1.4744 2.2249 2.9743 3.1153
±¡

c 0 ¡0:0197 ¡0:0166 ¡0:0138 ¡0:0132 ¡0:01337 ¡0:013340
±C

c 0 0.00208 0.00178 0.00184 0.00217 0.002418 0.002685
±C

m 0 0.00500 0.00357 0.00314 0.003187 0.003289 0.003304
±¡

d 0 0.00192 0.00166 0.00172 0.001959 0.00221 0.002403
±C

d 0 0.00665 0.00483 0.00397 0.003925 0.00434 0.004393
O±d 0 0.00470 0.00378 0.00324 0.003238 0.00331 0.003328
µ0, deg 57.460 56.431 39.994 17.421 6.6025 1.357 0.8300
ztop 345.00 356.902 393.632 437.290 462.343 484.939 489.935
r1;max 211.88 209.667 193.930 166.548 145.676 123.464 117.831
r2;max 211.93 209.708 193.716 166.406 145.549 123.431 117.802

a) Ã¹1;q circumferential

b) Ã¹2;q meridional

Fig. 7 Averaged principal stress resultants, where s is arclength mea-
sured in reference con� guration; 0:22 <– V/Vd <– 1:00; ­ marks the
range of the fold.

Before discussingour numerical results,we � rst comment on the
differences between solutions of Problem (?) when Eq. (31) (S� lm

based on S f as in Ref. 7) and Eq. (32) (S� lm based on QS f ) are
used to evolve a strained � oat shape. If Eq. (32) is used, the corre-
sponding energy minimizing shape is 0.1 ft taller and 0.4 ft smaller
in diameter, the fold is about 45 ft longer, and the maximum fold
depth is about the same (0.03 ft). Geometrically, the shapes S f and
QS f are the same. The total strain energy and the the maximum aver-

aged meridional stress resultants are the same (0.95 lbf/in.) for both
shapes. However, for triangles that bound the gas bubble, the cir-
cumferentialstressesare higher in magnitudewhen Eq. (31) is used.
The size of the fold is so small that corresponding stress resultants
are unreliable. Whereas for strained � oat shapes we conclude that
results based on QS f and on S f are essentially the same, this is not
the case as the volume decreases. If Eq. (31) is used for modeling
ascent shapes, the circumferentialstress resultants for solutions are
greater in magnitude than the corresponding results for a solution
based on Eq. (32). Whereas S� lm decreases with decreasingvolume
using QS f , when S f is used, S� lm increases with decreasing volume.
Higher compressive stresses are observed in shapes based on Eq.
(31). In addition, spikes in the principal stress resultants occur near
the points where the internal fold initiates and terminates when the
strain energy is basedon S f . We believe this is due to the inabilityof
the geometricmodel to adaptadequatelyto the equilibriumposition.
In observationsof a demonstratorballoon,we noted transitionareas
that bridge subregionsof external contact, i.e., folds, and regionsof

a) Ã¹1;q circumferential

b) Ã¹2;q meridional

Fig. 8 Averaged principal stress resultants, where s is arclength mea-
sured in reference con� guration; outside facets (——), fold facets
(– £ – £ –); V/Vd = 0:36; ­ marks the range of the fold.

biaxial tension.Our modelwouldnotbe able to handlesuch features.
For the class of ascent shapes considered,we � nd that results based
on QS f are more representativeof how the real balloon behaves, and
so Eq. (32) will be used to approximate the strain energy in the � lm
for ascent shapes.

Figure 8 shows the averagedprincipal stressesfor both the folded
(interior) facets and exterior facets for the case V D 0:36Vd . From
Fig. 8, we see that, when an internal fold is present, the principal
stress resultants of a fold are comparable to those of the adjacent
exterior triangles (other cases in Table 2 are very similar). Figure 9
shows one-half of the load tape tension for each of our computed
EM shapes. In Figs. 6–9, the points where the internal fold initiates
and terminates are indicated with the symbol ­. On examining the
strained � oat shape in Fig. 6, we � nd the balloon is slightly concave
belowthe stationwhere the internal fold initiates.This explainswhy
both principal stress resultants are positive near the tail of the bal-
loon. This is due to a tapering in the design shape. For the design
that we used, the tail of the balloon is nearly that of a cone, and so
there is very little excess material in this region at � oat. When the
gores are not tapered [see, e.g., case I(b) of Ref. 7], we � nd that this
behavior does not occur. In any case, this effect near the tail of the
balloon at � oat is due to the design shape, not the solution process.

V. Discussion
At � oat conditions,we compute maximum principal stress resul-

tants of approximately 1 lbf/in. Initially, as the volume decreases,
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Fig. 9 One-half load tape tension for 0:22 <– V/Vd <– 1:00; ­ marks
the range of the fold.

we observe a drop in the maximum principal stress resultants for
the correspondingascent shapes (for 0:85 · V=Vd · 1:0). This was
also observed in Ref. 3, where a slightly different model was used.
However, when the volume goes below a certain critical level, we
see that the maximum principal stress resultants begin to rise in the
region near the top of the gas bubble (see Fig. 7). This is not totally
unexpectedbecausethe radiusof curvatureof a circumferential� ber
decreases as the gas bubble is reduced. We � nd that the maximum
principalstress resultantsof shapes in the range0:22 · V=Vd · 1:00
occur when V D 0:22Vd . We � nd that, around V D 0:22Vd , the an-
gle at the base of the balloon is approximately0.83 deg, the internal
fold penetrates the z axis, and the inside of the balloon comes into
contact with itself. It is unlikely that one would see an ascent shape
with V D 0:22Vd as in Fig. 6. Internal contact probablyoccurs much
earlier than V D 0:22Vd due to other factors, such as imperfections
introduced during the balloon’s construction or the stretching of
certain areas of the balloon while in the launch spool. In an actual
� ight, the balloon will assume an asymmetric shape, and so it is un-
likely that one would see ascent shapes of the kind described here
for low volumes. In fact, if the zero-pressure level lies above the
base of the balloon, the differential pressure will act to push the
� lm inward near the base of the balloon.Once internal contact takes
place, most likely the balloon will assume a con� guration with � at
wing-like structures near its base, e.g., see Ref. 10. It might be in-
teresting to compare the energy of strainedascent shapes (including
those with wing sections) to determinewhether there is a minimum
energy principle that could help explain why con� gurations with a
certain number of wing sections are observed more frequently than
others.

In Fig. 6, we see that the strainedballoonshapeat � oat is about12
taller than its design and about 4 ft smaller in diameter. In Fig. 7, we
present plots of the averaged principal stress resultants of exterior
facets for the strained � oat and ascent con� gurations. In Ref. 7,
we found good qualitative and quantitative agreement when our
results on the � oat con� guration were compared to similar results
using a more sophisticated � nite element method code. This gives
us a certain level of con� dence for our results on partially in� ated
con� gurations.

As the volume decreases, the base angle of the balloondecreases.
Consequently, the magnitude of the reaction force due to the pay-
load decreases. This can be seen in Fig. 9, where one-half the load
tape tension is presented. Initially, there is a corresponding over-

all reduction in the principal stress resultants in the balloon � lm
(0:85 · V=Vd · 1:0). However, for V=Vd < 0:58, we � nd that the
maximum principal stress resultants begin to rise in the region near
the top of the balloon. The same effect is observed in Fig. 9 near
s D 500 ft, where the maximum load tape tension increases with
decreasing volume.

VI. Concluding Remarks
Because of the presenceof internal folds of excess material, stan-

dard membrane theory cannot be directly applied to partially in-
� ated balloon shapes. However, our energy minimizing approach
is tailor-made to handle partially in� ated con� gurations. Using
our model, we can compute strained balloon shapes in the range
0:22 · V=Vd · 1:0. We � nd that the maximum principal stresses in
the � lm areexperiencedat V=Vd D 0:22.Even thoughthe total strain
energy of the balloon is lower at the lower volume, the maximum
stresses are higher.

Although our work on modeling balloon shapes is motivated by
zero-pressure designs, our results can be applied to superpressure
designs or any other designs, fully or partially in� ated.
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